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Abstract-In this paper we explore the correspondence between rigid inclusions and cavities [Dun
durs (1989, J, Appl. Meeh. 56, 786-790)] as applied to the effective elastic moduli of materials with
polygonal rigid inclusions and cavities. In the analysis we use a complex variable method of elasticity
and a conformal transformation to solve for the stress field due to a single rigid inclusion, Then we
use a far field approach to obtain the effective elastic constants of composites with a dilute con
centration of rigid polygonal inclusions. By employing the Dundurs correspondence we can auto
matically obtain the result for the effective elastic moduli of materials with cavities, Finally, we use
effective medium theories to predict the elastic moduli of materials containing a finite concentration
of inclusions.

I. INTRODUCTION

We study effective elastic moduli of materials containing rigid polygonal inclusions and
cavities (holes). First, we find stress and displacement fields due to a single polygonal rigid
inclusion using a complex variable method ofelasticity (Muskhelishvili, 1953; Savin, 1961)
and a conformal transformation, Then we obtain the effective elastic constants of materials
with a dilute concentration of inclusions by using a far field approach. From these results
we can find the effective elastic moduli of materials with polygonal holes by using the
Dundurs correspondence (Dundurs, 1989) between the solutions of stress fields for rigid
inclusions and cavities. Finally, we use the dilute result in effective medium theories and
predict the effective elastic moduli of materials having a finite concentration of either rigid
inclusions or holes,

This paper extends our earlier studies in which we obtained effective elastic moduli of
materials with polygonal holes (Jasiuk et aI., 1992b, 1994) and rigid circular inclusions
(Jasiuk et al., 1992a). Other related works are due to Kachanov (1993) and Kachanov et
aI, (1994), who studied the effective elastic constants of materials with cavities and cracks,
Zimmerman (1986), who investigated the plane elasticity problem of compressibility of
materials with pores of arbitrary shapes, and Movchan and Serkov (1992) and Movchan
(1992) who used the concept of an elastic polarization matrix to capture far field effects of
inclusions in a material. Several solutions for polygonal rigid inclusions and holes are
included in Savin (1961) and a problem of a rigid square inclusion was studied in detail by
Chang and Conway (1968).

2. THE PLANE ELASTICITY

The strain-stress relations for a linear elastic and isotropic material for the plane
elasticity are given by
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Elastic constants

Kolosov constant I]

Uniaxial elastic modulus E

Area bulk modulus K

Shear modulus G

I. Jasiuk

Table 1, Relations between elastic constants

General relations Plane stress Plane strain Other relations

3-v 3-4v
2G

I] 1]=1+[(
I+v

4
8G E' E' I 1

1]+1 l-v2 :K+G

2G E' E'

1]-1 2(l-v) 2(1 +v)(I-2v)

G E' E'

2(1 +v) 2(1 + v)

i,j,k = 1,2, (1)

where 8(i and (Jij are the strain and stress tensors, respectively, G is the shear modulus and
11 is a Kolosov constant defined as

11 = 3-4v (plane strain)

3-v
11 = -- (plane stress),

l+v
(2)

where vis the Poisson's ratio and 1 :::;; 11 :::;; 3 for plane strain and 5/2 :::;; 11 :::;; 3 for plane stress,
ifwe restrict ourselves to positive values ofPoisson's ratio. In a purely two-dimensional case,
when a two-dimensional Poisson's ratio, having an upper bound of unity, is used (Thorpe
and Jasiuk, 1992), the limits are 1 :::;; 11 :::;; 3.

It is convenient to introduce planar elastic constants: a uniaxial elastic modulus E and
an area bulk modulus K. Following Dundurs and Markenscoff (1993) and Jasiuk et al.
(1994) they are defined as

Two other useful relations are

8G
E=

11+ 1

2G
K=-.

11- 1

411
-=-+-
E K G

(3)

(4)

(5)

(6)

For convenience, we include a more complete summary of relations between the elastic
constants in Table 1, where we denote the Young's modulus by E' to avoid conflict of
notation with the above defined planar elastic modulus E.
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3. THE SINGLE INCLUSION SOLUTION

We first solve a plane elasticity problem ofa single rigid polygonal inclusion embedded
in an isotropic, homogeneous and linear elastic material subjected to a uniform remote
uniaxial tension. In the analysis we use the complex variable method of elasticity involving
the Schwarz-Christoffel conformal mapping (Muskhelishvili, 1953; Savin, 1961; Sokol
nikov, 1986).

In the complex variable theory, if we have two complex domains S and ~ in the z and
,planes, respectively, the conformal transformation is given by

z = w('), (7)

where , = p eiv and p and v are polar coordinates. If the domains S and ~ are infinite,
transformation (7) is of the form

(8)

and if the exterior of a regular polygon in the z plane is transformed into the exterior of a
unit circle in the' plane, eqn (8) becomes

(
2 n-2 (n-2)(2n-2) )

w -R + + + + ...
(0 - , n(n-IW-1 n2(2n_I),2n-l 3n3 (3n-1K 3n-l '

(9)

where n = 3,4, 5, ... (n is the number of sides in a polygon) and R is a constant. Theor
etically, the polygon requires an infinite number of terms in the series (9); otherwise the
corners are rounded. However, the shape of the polygon is approximated well with just a
few terms (Jasiuk et al., 1994). In the numerical examples presented in this paper we include
at most the first three nontrivial terms as shown in eqn (9). We will demonstrate in Section
4 that using only the first nontrivial term in the series will give a very good estimate of the
effective elastic moduli of a material with polygonal inclusions, and the addition of extra
terms will give only a small correction.

The complex variable method in elasticity involves the determination of two analytic
functions ¢(O and t/!(O, which represent stress functions. The stresses and displacements,
in polar coordinates, are expressed in terms of these functions as

where bars denote a conjugate and <1>(0 and \{Ie,) are given by

(10)

(11)

(12)

<1>(0 = ¢'(O
w'(O'

(13)

The boundary conditions on the surface r of the rigid inclusion, given by (J = eiV where
p = I, involve the displacements and are of the form
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where
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(14)

(15)

and Ux and uy are the Cartesian components of the displacement vector acting on the
boundary r. In the problems considered here, these displacements are zero except for the
case of a rigid triangle which involves a rigid body displacement translation.

It is convenient to write the stress functions cP(O and t/J(O in the form

cP(O = A oR(+cPl(O

t/J(O = BoR(+t/Jl(O'

where

(16)

(17)

00

cPj (0 = L dn(-n,
n=1

and for a uniaxial tension case with O"~x = T

00

t/J 1(0 = L en(-n
n=l

(18)

(19)

If we substitute eqns (16) and (17) into the boundary condition (14) we have

where

(20)

(21)

If we multiply both sides of eqn (20) and its conjugate equation by 1/[2ni(0"-()] and
integrate over the contour r, we obtain two equations for the two unknown stress functions
cPl(O and t/Jl(O:

cPl (0 = ~ [- _1 l 91 (0") dO"- _.!..-l w(O") cP'l (0") dO"]
IJ 2ni J1 0"-( 2ni J1 w'(O") 0"-(

t/J (0 = _1 l 91 (0") dO" + _1 l w(O") cP; (0") dO"
1 2ni J1 0"-( 2ni J1 W'(O") 0"-( .

(22)

(23)

After the stress functions cPl(O and t/Jl(O are determined, the stresses and displacements
are found using eqns (10)-(12). We have conducted these calculations using the symbolic
algebra program MAPLE (1992). We express these stresses and displacements, for con
venience in the later analysis, in terms of powers of llr; they are in the form of infinite
series.
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When a circular rigid inclusion or a hole is embedded in an infinite material and
subjected to a remote uniaxial tension CT~x = T, the solution can be obtained by using the
Airy stress function [see, for example, Dundurs (1989)]

T ( cos 28)U ="4 r2
- r2 cos 28 - 2c log r + 2d cos 28 - e-r

2
- , (24)

where c, d and e are constants. Following Jasiuk et at. (1994), when the inclusion is in the
shape of a regular polygon the stresses and displacements involve an infinite number of
terms in the series, as opposed to a finite number of terms for a circular inclusion, but the
leading terms are of the same form as those obtained from eqn (24). They are given as

T [ C + 4d cos 28 ]CT = - 1+cos 28 - + ...rr 2 r2

T [ 2dsin 28 J
CTre = -"2 sin 28+ r

2
+ ...

CTeo = I [I-COS 28+.!!..- + ...J
2 r 2

TR [(11- 1) C d(l1+l) cos 28 ]2Gur = - --r+rcos 28+ - + + ...
2 2 r r

- TR [ sin 28 J2Guo =-- rsin28+d(l1- l )--+'" .
2 r

(25)

(26)

(27)

(28)

(29)

These results for the far field [eqns (25)-(29)] determine completely the effective elastic
moduli of composite material with polygonal inclusions as shown in Section 4. It should
be pointed out that this far field approach involves no approximations and is exact.

4. THE DILUTE RESULT FOR EFFECTIVE ELASTIC MODULI

When the material has a very small concentration of inclusions and there is no
interaction between the inclusions, the effective elastic moduli of such a material can be
calculated exactly. This dilute result can be found by using a single inclusion solution
obtained in section 3 and, for example, the equivalence of elastic strain energies (Chri
stensen, 1979).

When a remote stress field CTZ is applied to the domain V having a single inclusion Q,

then the elastic strain energy we of this composite material is expressed as

(30)

where WO = ±SvCT~BZ d V and IQI is the boundary of the inclusion. The superscript zero
specifies the undisturbed quantities due to the applied load, while the quantities CTij and Uj

denote the total stresses and displacements which include both CT~, u? and the local dis
turbance caused by the inclusion. nj is the unit vector normal to the inclusion-matrix
interface.

The elastic strain energy stored in the equivalent homogeneous medium, having the
properties of a composite, is given as
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(31)

where S~jkl is the effective compliance and V is the volume (area) of the composite material.
Then, the effective elastic properties of the material with inclusions can be found by equating
the elastic strain energies of heterogeneous and homogeneous systems, given by eqns (30)
and (31), respectively. We refer to this method as the near field approach.

In our analysis we use the formula (30) but take the integral over a very large surface
Inol, which is circular for convenience and has a radius ro :

(32)

If we substitute stresses and displacements [eqns (25)-(29)] obtained in section 3 into eqn
(32), only the stress terms with l/r2 and displacements with l/r will contribute towards the
effective elastic moduli. This is true for the inclusions of both circular and polygonal shapes.
This far field approach has been used by Thorpe (1992) for dielectric problems and Jasiuk
et al. (1994) for elastic materials with polygonal holes. The near and far field methods yield
the same results for the effective elastic moduli but we find the far field approach to be
simpler.

When we evaluate the effective planar uniaxial elastic modulus EO, for example, of a
material with polygonal inclusions, we find

!- = [1 + (c+ 2d) Acircle fJ,
EC Apolygon

(33)

where A denotes area, f is the area fraction of polygons defined as f = Apolygon/Atotab E is
the uniaxial elastic modulus of the matrix material and c and d are constants which were
introduced in section 3. These constants depend on I] for the rigid inclusions case and are
independent of I] for the case of cavities. Equation (33) reduces to the expression for the
rigid circular inclusions when c = (1-1])/2, and d = -(1/1]), and when Apolygon is replaced
by Acircle'

The ratio of the area of a circle to that of a polygon is given by

(34)
1Acircle----------

Apolygon

where am is defined in eqn (9) and

1- f mla",1 2 = [1- __4_
",~l n2(n-l)

(n-2)2(2n-2)2 - " .J,
9n6 (3n-l)

(35)

where n denotes the number of sides in a polygon.
For simplicity of notation we introduce two constants cand J defined as

_ AClfciec=c--
A polygon ,

(36)

These constants are given in the Appendix for several polygonal shapes.
In Jasiuk et al. (1992b, 1994) we have introduced the parameter rt. defined by
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Fig. I. The parameter rx versus 1J for materials with rigid inclusions of several polygonal shapes
approximated by one nontrivial term in eqn (9).

a = c+2d (37)

Then the dilute uniaxial elastic modulus can be written as

E
-= l+af
EC

(38)

The parameter a is of interest to us since for materials with holes it is independent of
the elastic constants and thus the effective uniaxial modulus eo, given in eqn (38), is
independent of the Poisson's ratio of the matrix and only depends on the shape of cavities.
This result is rigorous and holds for an arbitrary geometry and area fraction as proved by
Cherkaev et at. (1992) and Day et at. (1992) and discussed by Thorpe and Jasiuk (1992).
In the case of rigid inclusions the parameter a is a function of Poisson's ratio. The numerical
results for a are given in Figs 1 and 2.

Figure 1 illustrates how a varies as a function of '7 for several polygonal shapes: the
equilateral triangle, square, pentagon, hexagon, approximated by the transformation (9)
involving only the first nontrivial term, and the circle (being a limit case of an n-sided
polygon). It is interesting to note that for the rigid inclusion shapes considered here the
material with a rigid triangle yields higher modulus eo than the other shapes and circle
gives least reinforcement for the same area fraction. This is due to the fact that the stiff and
pointed corners of the triangle constrain material deformation more than the more circular
like shapes and thus effectively the material reinforced with rigid triangles is stiffer than the
one containing other polygonal shapes discussed here. This behavior is opposite in the case
of cavities, where the triangular shape gives the lowest effective modulus eo (Jasiuk et at.,
1992b, 1994; Kachanov et at., 1994). In this situation the corners of the triangle have a
softening effect, they allow more deformation and they make the material more flexible
than the other polygonal shapes do. A similar observation has been made by Kachanov et
at. (1994) who also discussed the influence of geometrical details of holes on the effective
moduli. They compared the polygons with smooth corners with the corresponding hypo
trochoids of the same area having sharp corners and observed that the shapes with sharp
Corners gave a much higher compliance than those with the smooth corners.

Another observation about rigid inclusions is that there is a large dependence of 0( on
the Poisson's ratio and that there is an optimum value of'7 at which 0( is minimum and thus

SAS 32:3/4-J
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Fig. 2. The parameter (X versus 11 for materials with triangular rigid inclusions approximated by one,
two and three nontrivial terms in eqn (9).

the modulus £C is the highest. This value is at rJ = 1, which corresponds to v = 1/2 for the
plane strain case. Also, IX may have the same value for two different values of Poisson's
ratio.

We should comment that a square is not an isotropic shape and in Fig. 1 we obtain
the parameter IX for the square by averaging IX over two positions differing by 45° [more
details on this procedure are given in Jasiuk et at. (1994)].

Figure 2 illustrates the effect of rJ on IX for the case ofa triangle which was approximated
by one, two and three nontrivial terms in the conformal transformation (9). The increased
number of terms in the transformation implies that the edges of the triangle are more
straight and the corners are sharper. This sharpening of the corners has a significant
influence on the local stress fields; the smaller the curvature at corners, the higher is the
stress in the vicinity of corners, as explored in Chang and Conway (1968) and Savin (1961).
Thus, the plasticity or cracking will first initiate there. However, this effect of sharp corners
is local and has a very small influence on the overall elastic moduli as shown in Fig. 2. For
example, for the triangle case discussed here the values for IX are - 2.57143, - 2.58345 and
- 2.58661 for the materials with rigid triangles represented by one, two and three nontrivial
terms in eqn (9), respectively, when rJ = 1. Thus the effect of corners is very small for the
rigid inclusion case. For the case of holes it is somewhat larger and IX = 4.14286, 4.18973
and 4.20187 for the triangular hole given by one, two and three nontrivial terms in eqn (9),
respectively, for all admissible rJ. Note that for the rigid triangle case where corners become
sharper, the effective modulus £C increases, while for the case of cavities the situation is
opposite; this tendency is consistent with the observations pertaining to Fig. 1.

The expressions for the other elastic constants, the effective area bulk modulus KC and
the shear modulus GC are given by

K rJ+l
-=l+-c!
KC rJ-l

G -- = 1+(rJ+ l)dfGC

(39)

(40)

Equations (33), (39) and (40) represent the dilute effective elastic constants of materials
with rigid polygonal inclusions if the constants c and J defined in the Appendix are used.
However, we can also obtain from these results the effective elastic moduli of materials
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Fig. 3. The parameter ()( versus 11 plotted in the unphysical range; the results for materials with
cavities of several polygonal shapes approximated by one nontrivial term in eqn (9) are at 11 = -I.

with cavities by the use of Dundurs correspondence. Dundurs (1989) observed that in plane
elasticity if the stresses in an elastic body containing rigid inclusions are known, then by
setting ry = -1, we can obtain stresses for the corresponding problems involving cavities.
These cavities are in general traction-free but they may have constant shear tractions arising
from rotations (Markenscoff, 1993). In the boundary value problems considered in this
paper there are no rotations of inclusions due to symmetry and thus the Dundurs cor
respondence yields solutions for holes with traction-free surfaces. In our problem dealing
with the effective planar elastic constants ofmaterials we can also apply this correspondence
by setting ry = - 1 in the constants eand J, while the rys introduced from the elastic energy
remain unchanged. We illustrate it on the example of the effective area bulk modulus K C

•

Thus, eqn (39) for rigid inclusions is

K ry+l
-= 1+- e(ry)!
KC ry-l

and for the materials with cavities,

K ry+ 1
- = 1+ - e( -l)f
K" ry-l

(41)

(42)

The other effective elastic constants, given by eqns (33) and (40), can be written similarly.
This provides us with a unified formulation for the two problems involving the effective

elastic moduli of materials with rigid inclusions and cavities; it may also serve as a check
of the results on rigid inclusions if the solution for the holes is known. For an easy reference
and comparison we give in the Appendix in Table Al the constants eand J for both rigid
inclusions and holes represented by the conformal transformation (9) with one nontrivial
term.

The numerical results which involve the Dundurs correspondence concept are given in
Figs 3 and 4. These figures correspond to Figs 1 and 2, respectively, but now IY.. is plotted in
the unphysical range. The values of IY.. at ry = - 1 represent those for materials with holes
and they agree with the results given in Jasiuk et at. (1994). In the graph we plotted IY.. vs ry
in the range -1 ,;:;; ry ,;:;; - 0.9 to illustrate the nature of the limit which is well behaved from
both the left and right hand sides. We were unable to plot the results for the whole range
of intermediate values of ry between - 1 < ry < 1 as the results became singular in this
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Fig. 4. The parameter (J. versus IJ plotted in the unphysical range; the results for materials with
triangular cavities approximated by one, two and three nontrivial terms in eqn (9) are at IJ = -1.

interval. These singular points can be easily obtained by setting the denominators of c and
J to zero. For the shapes considered in this paper and given in the Appendix they occur in
the vicinity of 11 = 0 and when we use more terms in the transformation (9) for a given
polygon the number of singular points increases. For example:

(1) for a triangle approximated by one nontrivial term in the series (9) [case I (i) in the
Appendix] there is one singular point exactly at 11 = 0, when two nontrivial terms are used
[case 1(ii)] there are two singular points in cat 11 = 0 and 11 = - 2/45 = - 0.0444 and two
for J at 11 = ±0.0385, and when three terms are used [case l(iii)] there are three singular
points in cat 11 = 0, 0.0064 and -0.0591 and in J at 11 = ±0.0522 and ±0.0062;

(2) for the pentagon given by one nontrivial term [case 3(i)] the singular points are at
11 = 0 and ±0.14l4 and for two terms at 11 = 0 and -0.0533 for c and at 1] = ±0.0102 and
±0.1596 for J;

(3) for the hexagon approximated by one nontrivial term [case 4(i)] the singular points
are at 11 = 0 and ± 0.1155, and for two terms [case 4(ii)] at 11 = 0 and - 0.0505 for c and
11 = ±0.0105 and ±0.1349 for J.

Thus there is clearly a pattern here that all these points line in the small interval around
11 = O. This may be expected in view of the mathematical theory of elasticity and the
Cosserat spectrum (Cosserat, 1898; Mikhlin, 1970; Markenscoff and Paukshto, 1994).

5. EFFECTIVE MEDIUM THEORIES PREDICTIONS

In this section we employ two effective medium theories: the self-consistent method
(Budiansky, 1965; Hill, 1965) and the differential scheme (Salganik, 1975; McLaughlin,
1977) to predict the effective elastic moduli of materials with polygonal rigid inclusions and
holes. This allows us to account for the inclusions' interactions. We choose these two
methods for simplicity. A more accurate study of the effects of inclusions' interactions and
specific geometric arrangements could be done, for example, by conducting numerical
simulations [e.g. Day et ai. (1992)].

The self-consistent method assumes that a single inclusion is embedded in an infinite
material having the effective properties of a composite. We obtain the governing equation
for the self-consistent method by following a simple approach illustrated in Jasiuk et ai.
(1992a,b). We use the dilute results (39) and (40) obtained in section 4 and we achieve self
consistency by replacing the quantities on the right hand sides involving 11 by 11e

•
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K IJc+ 1
-= l+--ccf
K C IJc-1

G _
- = 1+ (1t + 1) dCf
GC

417

(43)

(44)

where CC = c(IJC) and Jc = J(IJC).
These equations can be solved by first forming a single equation for IJ by using, for

example, eqn (6) :

Then, if we substitute eqns (43) and (44) into eqn (45), we have

IJ-l = (lJc-l) 1+ (lJc+ I)Jcf ,

1+ (1"1"+ I)CCf
IJc -1

(45)

(46)

which can be solved for IJc as a function of area fraction f and IJ. After IJc is known the
effective moduli KC and GC can be easily calculated and EC can be found from eqn (5). This
approach holds for both rigid inclusions and holes with a difference that for the holes CC

and Jc are constant (not functions of IJC) and thus the algebra is simplified.
The differential scheme implies that the composite has a wide distribution of fiber sizes

and it involves an iterative procedure in which at every step of iteration larger fibers are
placed in a material containing a dilute concentration of smaller fibers. This is repeated
many times and in a limit the differential equation is written for each property. This method
uses a dilute result as basis and thus eqns (39) and (40) become

dKC df IJc + 1 -c
-= ------c
K C I-f IJc-1

dGC df _
- (C l)dC----IJ+ .

GC I-f

(47)

(48)

These are two highly coupled differential equations. The solution can be obtained by using
conditions KC = K and GC = G at f = 0; for more details see, for example, Jasiuk et at.
(1992a,b).

An interesting quantity to explore is the area fraction of inclusions at percolation, i.e.
the area fraction at which the effective elastic moduli go either to infinity (for rigid
inclusions) or vanish (for holes). We will refer to this area fraction as fP. The differential
scheme predicts that fP = 1 for all shapes, due to the gradation of sizes assumption. The
self-consistent method gives more interesting results. Recall that for a material with circular
rigid inclusions it gives a prediction that fP = 2/3, which agrees very well with the per
colation concentration for randomly centered and overlapping circular inclusions. We can
find the fP prediction from the self-consistent method by setting the right hand sides of
eqns (43) and (44) to zero. Then we have two equations for the two unknowns fP and
IJP = IJ(fP) :

(49)

(50)
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where cP = c(IJP) and d P= d(IJP). The first set of these equations, with +, is for a rigid case,
and the second, with -, is for a hole case. Then eliminating fP from eqns (49) and (50),
we find a single equation for IJP :

(51)

For the case of rigid inclusions this equation may have several roots. If we stay in the
physical range of IJ and f and consider only the smallest real root we find fP = 0.536 for
triangle, fP = 0.642 for pentagon and fP = 0.653 for hexagon, when one nontrivial term
in (9) is used. This indicates that the triangles will percolate first, which is a correct tendency.
The corresponding values for IJP are IJP = 2.222, 2.050, 2.029 respectively for these three
cases. Recall that for a rigid circle fP = 2/3 when IJP = 2.

The value of IJP is also of interest to us as this is the value toward which the effective
lJe flows regardless of what the initial Poisson's ratio of the matrix is. We have called it a
fixed point (Jasiuk et al., 1992a,b; Day et ai., 1992; Jun and Jasiuk, 1993). In Jasiuk et ai.
(1992b) we have studied the fixed point, as predicted by the self-consistent method, for
materials with polygonal holes and observed that the values of IJP gradually decrease and
those of fP gradually increase as the number of sides in the polygon increases until they
reach the values IJP = 2 atfP = 1/3 for the circular shape. We can easily obtain these results
here by using Table AI. Equation (51) gives a single value IJP for the case of cavities such
that IJP = cP/dP+ 1 and the corresponding area fraction at percolation jP = 1/[dP(IJP+ 1)].
Then, for the cavity shapes given by one nontrivial term in (g) the results are as follows:

(1) for the triangle IJP = 20/9 = 2.222 andjP = 7/29 = 0.241;
(2) for the pentagon IJP = 2.019 and jP = 0.312,
(3) for the hexagon IJP = 2.009 and jP = 0.321.

Again these results show that the triangles will percolate first.
It may be pointed out here that the existence of fixed point was proved rigorously for

the materials with holes by Day et ai. (1992) and Thorpe and Jasiuk (1992) by using the
CLM theorem (Cherkaev et ai., 1992). Normally for the rigid inclusion case there is no
fixed point, except in special cases (Chen et ai., 1994). However, there is a tendency of the
effective Poisson's ratio to flow towards this point. Thus, the predictions of the self
consistent method presented here are not accurate but they seem to obey the correct trends.
For a more detailed study of the material response at percolation for arbitrary shapes see
e.g. Garboczi et al. (1991).

Note also that the Dundurs correspondence (Dundurs, 1989) was successfully used in
this paper for the prediction of effective elastic moduli of materials with regular polygon
shapes. However, it needs to be used with caution for more irregular shapes as the rotations
may arise (Markenscoff, 1993). Also, at higher volume fractions, when there is inclusions'
interaction, the rigid inclusions may rotate. However, in the two approximate methods:
self-consistent and differential schemes, used in this paper, the rotations due to interactions
do not enter since these two methods are based on single inclusion solutions and dilute
results.

6. CONCLUSIONS

In this paper we predicted the effective elastic constants of composite materials con
taining the polygonal rigid inclusions and cavities by using the Dundurs correspondence
between the rigid inclusions and cavities. In the numerical results we studied the effects of
geometry and Poisson's ratio on the effective elastic properties and pointed out the differ
ences in physical responses of these two types of composite materials. We found that the
effect ofsharp corners, which gave rise to high local stresses, on the effective elastic constants
is small and it is smaller for the case of rigid inclusions. The rigid equilateral triangle shape
gave the higher elastic modulus in the dilute limit than the other regular polygons, while
the opposite trend was observed in the case of holes, where the circular shape gave the
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optimum elastic response. We have also studied the material response at high area fractions
by using the self-consistent method and explored the material behavior at percolation.
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APPENDIX

In this Appendix we give the expressions for the constants c and J for the rigid polygonal inclusions
approximated by one, two and three nontrivial terms in transformation (9).
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1. Triangle
(i)

(ii)

(iii)

I. Jasiuk

w(n = R((+~)
3(2

_ (91/2 -111/+2)
c = - 141/

w(n = R((+~+_I_)
3(2 45(5

_ (18225113-21690112+34631/+2)
c = - 628(451/+ 2)11

- 9
d= -71/.

d = b 27_3_3-c75:-11_
314(6751/2-1)

2. Square
(i)

( 1 1 1)
w(n = R (+ 3(2 + 45(5 + 162(8

_ (10761680251/4 -12751959601/ 3 + 1995369121/2 - 50885211-125)
c= -

25424(65610112 + 34561/ - 25)1/

d= _ 17936133751/(21871/2-1)

12712(2391484501/4-6616891/2 +25)

(ii)

(iii)

w(n = R((+~)
6(3

_ (121/2 -131/ + 1)
c=- 221/

w(n = R((+~+_I_)
6(' 56("

_ (752641/ 3-780081/2+27351/+9)
c = - 24581/(561/+3)

_ 72
d= - .

11(61/- 1)

d= 1_26_4-:-43_5_21/-'--__
1229( -94081/2 + 16371/+ 15)

wC') = R((+~+_I_+_I_)
6(' 56(" 176(11

_ (128225771521/4 - 132035509761/3 + 3800716041/2 + 9053071/ - 3087)
c = - -'--------'---------'---------'--------'-----~

1081101/(2168321/2 + 134641/ -147)

d= _ 2692741201921/(1761/+5)

54055(8014110721/3+ 1651988801/2 + 20968421/ -6615)

Square (rotated 45°)
(i)

w(n = R ((-~)
6('

_ (121/2 -131/+ I)
c = - 221/

- 72
d= - .

11(61/+ 1)
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(ii)
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(iii)

w(n = R((-~+_I_)
6(3 56C

_ (752641]3 -780081]2 +27351]+9)
c= -

24581](561] +3)
d = 1_26_4_43_5_21]'-----__

1229( -94081]' -16371]+ 15)

3. Pentagon
(i)

w(D = R (( - 6~3 + 5;C - 17~C 1)
_ (128225771521]4 -132035509761]3 +3800716041]2 +9053071]-3087)
c= -

1081101](2168321]2 + 134641]-147)

d= _ 2692741201921](1761]+5)

54055(801411072//3 -1651988801]2 +20968421] +6615)

(ii)

w(n = R (( + _1_)
10(4

(251]2 -261]+ I)
C = - -'---'--~-'-----'-

481]
d= 62_5...:...1]_

12(501]2 -I)

(ii)

w(D = R ((+ _1_ + _1_)
10(4 75("

_ (468751]3 -4643251]2 -4541]+4)
c= -

1198(751]+4)1]

d = _ 70312501](18751]2 -4)

599(210937501]4 - 5393251,2 + 56)

w(n = R (( + 1~(4 + 7:(" + 87;(14)

_ (837402343751]4 - 824095781251]3 -13638971501]2 + 332593321]-18432)
c= -

698621](22968751]2 + 1393001]- 1728)

d = _ 5024414062501](2512207031251]4 -10290175001]2 + 101376)

34931 (34621353149414062501]6 - 993246265511718751]4 + 267966909601]2 - 350355456)

4. Hexagon
(i)

w(n = R ((+ _1_)
15(5

_ (451]2 -461]+ I)
c = - 881]

d = 33_75-:1],--
44(751]' -I)
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(ii)

I. Jasiuk

w(n = R ((+ _1_ +~I_)
15(5 99("

_ (441045/}3 -429561112-11509/}+25)
c = - 8702(99/} + 5)/}

_ I2I287375/}(3367/}2 - 7)
d = - ------'-'-----'---'---

4351 (88944075/}4 -I580986/}2 + 175)

In addition, for an easy reference and a comparison of rigid inclusion and cavity cases we give, in Table AI,
the constants for one term transformation

where n is the number of sides in the polygon.

Table AI. Constants cand J for rigid inclusions and holes (one term approximation)

c J
Shape c (rigid inclusion) (hole, /} = -I) J (rigid inclusion) (hole, /} = -I)

Circle (/}-I)

2 /}

Triangle (9/} - 2)(/} -1) 11 9 9

14/} 7 7/} 7

Square (l2/}-I)(/}-I) 13 72 72

22/} 11 11(6/}-I) 77

Square (l2/}-I)(/}-I) 13 72 72
(rotated 45°) 22/} 11 1I (6/}+ 1) 55

Pentagon (25/}-I)(/}-I) 13 625/} 625

48/} 12 I2(50/}2 -1) 588

Hexagon (45/}-I)(/}-I) 23 3375/} 3375

88/} 22 44(75/}2 -1) 3256


